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1. INTRODUCTION
Let V be a vector space of dimension n over the field F of order q, letq
Ž .G be a subgroup of GL V , and let Y be a G-invariant subset of the set
Ž . UP V of 1-spaces of V. We define an F -valued linear character d relatedq Y
to the permutation action of G on Y and to the associated action of G on
vectors. We show that special cases of this character include both the
determinant when G is the general linear group and the spinor norm when
q is odd and G is an orthogonal group. We also see that this formulation is
particularly useful when we are considering G as the Galois group of a
polynomial.
Before defining d we introduce a function m. In the case where G is aY
Galois group and V is a subspace of a field it would be possible to define
Ž .m S, T , where S and T are sets of non-zero vectors, to be the product of
all the vectors in S divided by the product of the vectors in T. The actual
definition is slightly more clumsy since we cannot multiply or divide
vectors.
Ž . Ž .For Y a subset of P V , let S Y be the set of subsets of V consisting
Ž .of exactly one non-zero vector from each element of Y. For S, T g S Y
Ž .we define m S, T g F* by
m S, T s l ,Ž . Ł ¤
¤gT
where l is the unique element of F* such that l ¤ g S.¤ ¤
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Ž .LEMMA 1.1. For R, S, T g S Y we ha¤e
Ž . Ž . Ž . Ž .a m R, S m S, T s m R, T ;
Ž . Ž . Ž .y1b m S, T s m T , S ;
Ž . Ž . Ž . Ž . Ž .c if g g GL V and Yg s Y then S Y g s S Y and m Sg, Tg s
Ž .m S, T .
Ž .Proof. a For ¤ g T let l be the unique element of F* such that¤
l ¤ g S and let k be the unique element of F* such that k l ¤ g R.¤ ¤ ¤ ¤
Then
m R , T s k l , m S, T s lŽ . Ž .Ł Ł¤ ¤ ¤
¤gT ¤gT
and
m R , S s k s k .Ž . Ł Ł¤ ¤
l ¤gS ¤gT¤
Ž . Ž . Ž . Ž .b m S, T m T , S s m S, S s 1.
Ž . Ž .c For ¤ g S we have l ¤ g T , so for ¤g g Sg we have l ¤g g Tg.¤ ¤
Ž .Now suppose that Y is G-invariant, where G is a subgroup of GL V .
We define d : G “ F* byY
d g s m Sg , S ,Ž . Ž .Y
Ž .where S is any element of S Y .
Ž . Ž .THEOREM 1.2. a d is well-defined independent of the choice of S ;Y
Ž .b d is a homomorphism.Y
Ž . Ž .Proof. a For S, T g S Y and g g G we have
y1
m Sg , S s m Sg , Tg m Tg , T m T , S s m S, T m Tg , T m S, TŽ . Ž . Ž . Ž . Ž . Ž . Ž .
s m Tg , T .Ž .
Ž . Ž .b For S g S Y and g, h g G we have
d gh s m Sgh , S s m Sgh , Sg m Sg , S s d h d gŽ . Ž . Ž . Ž . Ž . Ž .Y Y Y
s d g d h .Ž . Ž .Y Y
Ž .It is not particularly easy to calculate d g directly from this definition,Y
but the next two lemmas give some more practical methods.
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Ž .LEMMA 1.3. Let g be an element of GL V and Y a g-in¤ariant subset of
Ž .P V .
Ž .a If g acts on Y as a single k-cycle then for any non-zero ¤ector ¤ with
² : k Ž . Ž .¤ g Y we ha¤e ¤g s d g ¤ . We call d g the multiplier associatedY Y
with the cycle g.
Ž . Ž .b In the general case d g is the product of the multipliers associatedY
with its cycle decomposition as a permutation of Y.
Ž . ² k: ² : k ² : kProof. a Now ¤g s ¤ g s ¤ so ¤g s l¤ for some l g F*.
 ky14 Ž .  2 k4Let S s ¤ , ¤g, . . . , ¤g . Then S g S Y and Sg s ¤g, ¤g , . . . , ¤g s
 ky14 Ž . Ž .l¤ , ¤g, . . . , ¤g . Therefore d g s m Sg, S s l.Y
Ž .b This follows from the above since if Y is the union of g-invariant
Ž ² :. Ž . Ž .sets Y , . . . , Y the orbits of g then d g is the product of the d g .1 k Y Yi
Ž .Next we calculate d g when g is a transvection or generalisedY
reflection.
Ž .LEMMA 1.4. Let g be an element of GL V and Y a g-in¤ariant subset of
Ž .P V .
Ž . Ž .a If g is a trans¤ection then d g s 1;Y
Ž .b If g preser¤es a direct sum decomposition V s U [ W with g N sU
 4 Ž . mlI and g N s I where l g F _ 0, 1 then d g s l whereU W W Y
< Ž . <m s Y l P U .
Ž .Proof. a If g is a transvection then g has order p so its image under
U wany homomorphism into F must be trivial. We can also check thisq
Ž .directly: If g is a transvection then g has the form ¤g s ¤ q ¤f x where
f is a non-zero element of the dual space of V and x is a non-zero vector
in Ker f. Let ¤ be a non-zero vector. If ¤ g Ker f then ¤g s ¤ so the
corresponding 1-cycle has multiplier 1. Otherwise we have
¤ ‹ ¤ q ¤f x ‹ ¤ q 2 ¤f x ‹ ??? ‹ ¤ q p ¤f x s ¤ ,Ž . Ž . Ž .
xwhere p s char F and the corresponding p-cycle has multiplier 1.
Ž .b Let ¤ be a non-zero vector. If ¤ g W we have ¤g s ¤ so the
corresponding 1-cycle has multiplier 1. If ¤ s u q w where u g U and
w g W are non-zero then we have
¤ s u q w ‹ lu q w ‹ ??? ‹ ldu q w s u q w s ¤ ,
where d is the multiplicative order of l and so the corresponding d-cycle
has multiplier 1. Finally, if ¤ g U then ¤g s l¤ so the corresponding
1-cycle has multiplier l.
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2. PARTICULAR CASES
In this section we show that particular cases of d include the determi-Y
Ž Ž .. Žnant when Y s P V and the spinor norm when q is odd and G is a
.subgroup of an orthogonal group .
Ž . Ž .THEOREM 2.1. If Y s P V then for any g g GL V we ha¤e
d g s det g .Ž . Ž .Y
Ž .Proof. Now d and det are both homomorphisms from GL V to F*Y
Ž . Ž Ž ..and GL V is generated by transvections which generate SL V and
elements of the form g : u q w ‹ lu q w for u g U and w g W where
 4l g F _ 0, 1 , V s U [ W, and dim U s 1. But by Lemma 1.4, the
Ž . Ž . Ž .transvections have d g s 1 s det g and the latter elements have d gY Y
Ž .s l s det g .
Ž .THEOREM 2.2. Suppose that q is odd, let , be a non-singular symmet-
ric bilinear form on V, and let G be the orthogonal group preser¤ing that form.
Ž . Ž .Now G has three possibly degenerate orbits on P V :
² :Y s ¤ : ¤ , ¤ s 0 ; 4Ž .0
² :Y s ¤ : ¤ , ¤ is a non-zero square ; 4Ž .I
² :Y s ¤ : ¤ , ¤ is a non-square . 4Ž .G
For any g g G we ha¤e
d g s 1, d g d g s det g , and d g s s g ,Ž . Ž . Ž . Ž . Ž . Ž .Y Y Y Y0 I G G
where
1 if the spinor norm of g is a square;
s g sŽ . ½ y1 if the spinor norm of g is a non-square.
Proof. The assertion about orbits follows from Witt's Lemma. Now G
is generated by reflections
x , ¤Ž .
r : x ‹ x y 2 ¤¤ ¤ , ¤Ž .
² :for ¤ with ¤ g Y j Y and the spinor norm is the homomorphismI G
 4 Ž . ² : Ž . ² :from G “ "1 with s r s 1 if ¤ g Y and s r s y1 if ¤ g Y .¤ I ¤ G
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Ž .But from Lemma 1.4, we see that if Y is a r -invariant subset of P V¤
Ž . ² : ² : ² :then d r is y1 if ¤ g Y and 1 if ¤ f Y. Thus if ¤ g Y thenY ¤ I
Ž . Ž . Ž . ² : Ž .d r s d r s 1 and d r s y1. If ¤ g Y then d r sY ¤ Y ¤ Y ¤ G Y ¤0 G I 0
Ž . Ž .d r s 1 and d r s y1.Y ¤ Y ¤I G
3. LINK WITH S AND THE SIGNATUREn
HOMOMORPHISM
For the next two sections we will need the notion of a uniform G-
Ž .invariant set of vectors. Suppose that G is a subgroup of GL V and let A
be a G-invariant set of non-zero vectors. For each ¤ g A we define
Ž . UM A, ¤ to be the set of all l g F such that l¤ g A. Say that A is aq
Ž .uniform G-invariant set of vectors if M A, ¤ is the same for all ¤ g A in
Ž .which case we write M A for this set. Of course any orbit of G on
 4V * s V _ 0 is uniform and V * itself is a uniform G-invariant set for any
Ž .subgroup G of GL V .
Ž .If A is a uniform G-invariant set of vectors then M A is a subgroup of
order m, say, of the multiplicative group FU. Now let B be the set ofq
< < < <  41-spaces containing elements of A so that A s m B . Let « : G “ "1A
denote the homomorphism taking each element of G to its sign as a
permutation on A.
THEOREM 3.1. Let G, A, B, and m be as abo¤e.
Ž .a If m is odd then « s « ;A B
Ž . Ž .m r2 Žb If m is e¤en then « s d in this case q must be odd so weA B
 4 U .can interpret "1 as a subgroup of F .q
Proof. Let g be an element of G. We prove the result for the case
where g acts on B as a single cycle. The general case follows using the
< <cycle decomposition. Let g act on B as a cycle of length b s B and let k
be the associated multiplier. Let k be the multiplicative order of k , where
m s kl. Now g acts on A as a product of l cycles of length bk. Conse-
Ž . Ž . lŽbkq1. Ž .b Ž . lquently « g s y1 s y1 m y1 .A
Ž . Ž . Ž .bq1 Ž .a If m is odd then so is l and hence « g s y1 s « g .A B
Ž . Ž . Ž . l Ž .b If m is even then « g s y1 . Let m be a generator of M AA
with ml s k . Then mm r2 s y1 and
mr2 lm r2 lm r2d g s k s m s y1 s « g .Ž . Ž . Ž .Ž .B A
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4. LINEAR GALOIS GROUPS
Let
f X s X d q a X dy1 q ??? qa X q a .Ž . dy1 1 0
be a monic separable polynomial of degree d over a field F containing F .q
Ž .Let G be the Galois group of f X over F and let E be a splitting field for
Ž . Ž .f X over F. Let A be the set of roots of f X in E and let V be the
F -subspace of E spanned by A. Now G acts faithfully on V and the actionq
Ž .commutes with addition since the elements of G are automorphisms of E
Žand with multiplication by elements of F since F is contained in theq q
.fixed field of G . In other words we may regard G as a subgroup of
Ž .GL V .
Ž .DEFINITION. The polynomial f X is said to be uniform o¤er F if andq
only if A is a uniform G-invariant set of vectors.
Ž .Now suppose that f X is uniform over F , let B be the correspondingq
Ž . < Ž . <G-invariant subset of P V , and let m s M A . The next theorem shows
Ž .that the image of d is determined by the constant coefficient of f X .B
m< Ž . < < <THEOREM 4.1. Let k s d G and let b s B . Then k s where l isB l
Ž .bthe largest di¤isor of m for which y1 a is an lth power in F.0
Ž . Ž .Proof. Pick S g S B with S : A and let n S s Ł ¤ . Let M s¤ g S
Ž .  U m 4 Ž .my 1M A s l g F : l s 1 . Then Ł l s y1 soq lg M
d da s y1 ¤ s y1 l¤Ž . Ž .Ł Ł Ł0
¤gA Ž . ¤gSlgM A
mb
mŽ .d dq my1 bs y1 l ¤ s y1 n SŽ . Ž . Ž .Ł Łž / ž /
lgM ¤gS
mbs y1 n S .Ž . Ž .
Ž . Ž . Ž .Let l s mrk. Now for any g g G we have m Sg, S s d g g d G soB B
Ž .km Sg, S s 1. Moreover
k k
n S g s n Sg s m Sg , S n S « n S g s n S ,Ž . Ž . Ž . Ž . Ž . Ž .
Ž .k Ž .b Ž .m Ž Ž .k . lfor all g g G so n S g F. It follows that y1 a s n S s n S is0
an lth power in F.
Ž .bOn the other hand if d divides m, but does not divide l then y1 a s0
Ž Ž .m r d. Ž .m r dn S and k does not divide mrd so m Sg, S / 1 for some
Ž .m r d Ž .bg g G. It follows that n S is in F and hence that y1 a is not a dth0
power in F.
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A better approach to this is:
< Ž . < < Ž m Ž .b . <THEOREM 4.2. d G s Gal X y y1 a , F .B 0
Ž m Ž .b .Proof. Let H s Gal X y y1 a , F . Now m divides q y 1 so all0
m Ž .roots of X y 1 lie in F and hence H is cyclic. As in the above proof n S
m Ž .b Ž Ž ..is a root of X y y1 a so the splitting field F n S lies in E. Now the0
Ž . Ž .kernel of d consists of g g G fixing n S . Therefore Ker d sB B
Ž Ž .. Ž . Ž . Ž Ž .. Ž Ž . .Gal E, n S and hence d G ( Gal E, F rGal E, n S ( Gal n S , FB
s H.
Ž .COROLLARY 4.3. Suppose that f X is a polynomial o¤er F of the form
f X s X q n q a X q ny 1 q ??? qa X q q a X ,Ž . ny1 1 0
Ž .where a / 0 and that G is the Galois group of f X o¤er F. Then the roots0
Ž .of f X form a ¤ector space V of dimension n o¤er F and G is a subgroup ofq
Ž . Ž w x.GL V cf. 1 . The image of G under the determinant map has order
Ž . Ž .nq y 1 rl where l is the largest di¤isor of q y 1 for which y1 a is an lth0
Ž . Ž .npower in F. In particular G is a subgroup of SL V if and only if y1 a is a0
Ž .q y 1 th power in F.
Proof. First we note that a polynomial of the given form is q-linear in
Ž . Ž . Ž .the sense that f a X q b Y s a f X q b f Y for a , b g F and that theq
roots therefore form a vector space V over F . Since the derivativeq
Ž .f 9 X s a / it follows that the roots are distinct, so V has dimension n0
Ž .over F . The polynomial f X is the product of X and a uniformq
 4 Ž .polynomial with m s q y 1. In this case A s V _ 0 and B s P V .
Ž n . Ž . ny1 Ž .bTherefore b s q y 1 r q y 1 s q q ??? qq q 1 and hence y1
Ž .ns y1 . The result now follows by Theorem 4.1 or 4.2.
For the next result we consider the case of a Galois group G contained
in an orthogonal group in odd characteristic. We give criteria to determine
Ž . Ž .whether G lies in SO V the kernel of the spinor norm , or the third
Ž Ž . Ž ..subgroup of index 2 the kernel of det g s g .
COROLLARY 4.4. Suppose now that q is odd and that G is a subgroup of
Ž .  Ž . Ž . Ž .4an orthogonal group O V, Q s g g GL V : Q ¤g s Q ¤ preser¤ing
Ž . Ž .some quadratic form Q on V. For each a g F let f Y s Ł Y y ¤ whereq a
 4 Ž . Ž .d Ž .the product is o¤er all ¤ g V _ 0 with Q ¤ s a and let c s y1 f 0a a
where d s deg f . Let « be a non-square in F . Then G is a subgroup ofa q
Ž .SO V if and only if c c is a square in F and G is a subgroup of the kernel of1 «
the spinor norm if and only if c is a non-square in F. The third subgroup of«
Ž .index 2 in O V, Q contains G if and only if c is a square in F.1
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Remark. We can see from the above that d is the sign of theI
Ž .permutation action of G on vectors ¤ with Q ¤ s 1 and that d is theG
Ž .sign of the permutation action on vectors with Q ¤ s « . Now there is, of
course, a criterion for calculating whether a Galois group lies inside the
alternating group, indeed it does so if and only if the modified discriminant
is a square. At first sight this would appear to be a vastly more complicated
criterion and it might perhaps be surprising that it simplifies to considera-
tion of the constant coefficient. The explanation is that the roots of each
Ž . Ž 2 .f arise in pairs "¤ so that f Y s g Y for some polynomial g .a a a a
Ž .DEFINITION. Let f Y be a polynomial of degree d with coefficients in
F and roots a , . . . , a in some splitting field. Then the modified discrimi-1 d
Ž .nant D* f is defined by
2D* f s a y a .Ž . Ž .Ł i j
i-j
Ž .LEMMA 4.5. Suppose that g Y is a polynomial of degree d and that
Ž . Ž 2 . Ž . Ž .d Ž .f Y s g Y . Then the modified discriminant of f Y is y4 g 0 times the
Ž .square of the modified discriminant of g Y .
Ž .Proof. Let a , . . . , a be the roots of g Y and let b be a square root1 d i
Ž .of a for each i so that the roots of f Y are "b , . . . , " b . Nowi 1 d
2 2 22D* f s 2b b y b b q b yb y b yb q b ,Ž . Ž . Ž . Ž . Ž . Ž .Ł Łi i j i j i j i j
i i-j
4 dds 4 a a y a s y4 g 0 D* g .Ž . Ž . Ž . Ž .Ł Łi i j
i i-j
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